We derive a class of charged rotating dilaton black string solutions in the background of anti-de-Sitter spaces with an appropriate combination of three Liouville-type dilaton potentials. We also present the suitable counterterm which removes the divergences of the action in the presence of dilaton potential. The solutions are analyzed and their thermodynamics is discussed by using the counterterm method.
found [9] (see also [10] ). It was shown that the cosmological constant is coupled to the dilaton in a very nontrivial way. With the combination of three Liouville-type dilaton potentials, a class of static dilaton black hole solutions in (A)dS spaces has been obtained by using a coordinates transformation which recast the solution in the schwarzschild coordinates system [9] . The purpose of the present Letter is to construct a class of charged rotating dilaton black string solutions in the background of AdS spacetime. We will also present the suitable counterterm which removes the divergences of the action. Finally, we analyze the solutions and calculate their conserved and thermodynamic quantities by using the counterterm method inspired by AdS/CFT correspondence.
Our starting point is the four-dimensional Einstein-Maxwell-dilaton action
where R is the Ricci scalar curvature, Φ is the dilaton field, and V (Φ) is a potential for Φ. α is a constant determining the strength of coupling of the scalar and electromagnetic field, F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor and A µ is the electromagnetic potential. The last term in Eq. (1) is the Gibbons-Hawking surface term. It is required for the variational principle to be well-defined. The factor Θ represents the trace of the extrinsic curvature for the boundary ∂M and γ is the induced metric on the boundary. While α = 0 corresponds to the usual EinsteinMaxwell-scalar theory, α = 1 indicates the dilaton-electromagnetic coupling that appears in the low energy string action in Einstein's frame. In this Letter, we examine action (1) with three Liouville-type dilaton potentials [9] 
where Λ is the cosmological constant. It is clear the cosmological constant is coupled to the dilaton in a very nontrivial way. This type of dilaton potential can be obtained when a higher dimensional theory is compactified to four dimensions, including various supergravity models [11] .
The equations of motion can be obtained by varying the action (1) with respect to the gravitational field g µν , the dilaton field Φ, and the gauge field A µ which yields the following field equations
Our aim here is to construct charged rotating black string solutions of the field equations (3)- (5) and investigate their properties. The metric of four-dimensional rotating solution with cylindrical or toroidal horizons can be written as [12] 
where a is the rotation parameter. The functions f (r) and R(r) should be determined and l has the dimension of length which is related to the constant Λ by the relation l 2 = −3/Λ. The two dimensional space, t=constant and r =constant, can be (i) the flat torus model T 2 with topology S 1 ×S 1 , and 0 ≤ φ < 2π, 0 ≤ z < 2πl, (ii) the standard cylindrical model with topology R×S 1 , and 0 ≤ φ < 2π, −∞ < z < ∞, and (iii) the infinite plane R 2 with −∞ < φ < ∞ and −∞ < z < ∞.
We will focus upon (i) and (ii). The Maxwell equation (5) can be integrated immediately to give
where q, an integration constant, is related to the electric charge of black string. Inserting the Maxwell fields (7) and the metric (6) in the field equations (3) and (4), we can write these equation for a = 0 as
where the "prime" denotes differentiation with respect to r. Subtracting Eq. (9) from Eq. (8) gives
Then we make the ansatz
Substituting this ansatz in Eq. (12), it reduces to
which has a solution of the form
where b is an integration constants. Inserting (15), the ansatz (13), and the dilaton potential (2) into the field equations (8)- (11), one can show that these equations have the following solution
where c is an integration constant. The above solutions will fully satisfy the system of equations (8)- (11) provided we have q 2 (1 + α 2 ) = bc. One can also check that these solutions satisfy equations (3)- (5) in the rotating case where a = 0. It is apparent that this spacetime is asymptotically (anti)-de-Sitter. The Kretschmann scalar R µνλκ R µνλκ and the Ricci scalar R diverge at r = 0 and therefore there is an essential singularity located at r = 0. The explicit form of the Kretschmann scalar is complicated and we do not present it here, however, the Ricci scalar curvature of the metric has a simpler form and can be written as
One can easily check that for the arbitrary values of the dilaton coupling constant, R → 4Λ as r → ∞. We also find out that for arbitrary α the Kretschmann scalar approach 8Λ 2 /3 as r → ∞.
This confirm our above discussion that our solution is asymptotically anti-de-Sitter. In the absence of a nontrivial dilaton (α = 0), the solution reduces to the asymptotically (anti)-de-Sitter charged rotating black string [12] . However, for α = 0 the solution is qualitatively different. As one can see from Eq. (17), the surface r = b is a curvature singularity except for the case α = 0 when it is a nonsingular inner horizon. This is consistent with the idea that the inner horizon is unstable in the Einstein-Maxwell theory. Therefore, our solutions describe black strings in the case b < r + , where r + is the outer horizon of the black string (the root of Eq. f (r) = 0). The above discussions will become more clear if we look on the figures 1 and 2, where we have plotted the function f (r) versus r for different values of the dilaton coupling α and the charge parameter q. In the case r = b, it is clear from (6) and (13) that for α = 0 the area of the event horizon goes to zero (since R(r) → 0 in this case). In summary, compared to the charged black holes/strings in (A)dS universe, the dilaton version has some remarkable properties. In the first place, there may be three horizons in the ReissnerNordstrmde Sitter spacetime, i.e., black hole event horizon, black hole Cauchy horizon and cosmic event horizon. However, the charged dilaton black holes/strings in (A)dS spaces has at most two horizons. Here the inner Cauchy horizon disappears. This is due to the fact that the inner horizon is unstable, as pointed by Garfinkle [2] .
Next, we calculate the conserved quantities of the solutions. For asymptotically (anti)-de-Sitter solutions, the way that one can calculate these quantities and obtain finite values for them is through the use of the counterterm method inspired by (A)dS/CFT correspondence [13] . In this paper we deal with the spacetimes with zero curvature boundary, R abcd (γ) = 0, and therefore the counterterm for the stress energy tensor should be proportional to γ ab . We find the suitable counterterm which removes the divergences in the form
One may note that in the absence of a dilaton field where we have V (Φ) = 2Λ = −6/l 2 , the above counterterm has the same form as in the case of asymptotically (A)dS solutions with zero-curvature boundary. Having the total finite action I = I G + I ct at hand, one can use the quasilocal definition to construct a divergence free stress-energy tensor [14] . Thus the finite stress-energy tensor in four dimensional Einstein-dilaton gravity with three Liouville-type dilaton potentials (2) can be written as
The first two terms in Eq. (19) are the variation of the action (1) with respect to γ ab , and the last two terms are the variation of the boundary counterterm (18) with respect to γ ab . To compute the conserved charges of the spacetime, one should choose a spacelike surface B in ∂M with metric σ ij , and write the boundary metric in ADM (Arnowitt-Deser-Misner) form:
where the coordinates ϕ i are the angular variables parameterizing the hypersurface of constant r around the origin, and N and V i are the lapse and shift functions respectively. When there is a Killing vector field ξ on the boundary, then the quasilocal conserved quantities associated with the stress tensors of Eq. (19) can be written as
where σ is the determinant of the metric σ ij , ξ and n a are, respectively, the Killing vector field and the unit normal vector on the boundary B. For boundaries with timelike (ξ = ∂/∂t) and rotational (ς = ∂/∂ϕ) Killing vector fields, one obtains the quasilocal mass and angular momentum
These quantities are, respectively, the conserved mass and angular momenta of the system enclosed by the boundary B. Note that they will both depend on the location of the boundary B in the spacetime, although each is independent of the particular choice of foliation B within the surface ∂M. The mass and angular momentum per unit length of the string when the boundary B goes to infinity can be calculated through the use of Eqs. (21) and (22). We find
For a = 0 (Ξ = 1), the angular momentum per unit volume vanishes, and therefore a is the rotational parameters of the spacetime. The entropy of the dilaton black string still obeys the so called area law of the entropy which states that the entropy of the black hole is a quarter of the event horizon area [15] . This near universal law applies to almost all kinds of black holes, including dilaton black holes, in Einstein gravity [16] . It is a matter of calculation to show that the entropy per unit length of the string is
By analytic continuation of the metric we can obtain the temperature and angular velocity of the horizon. The analytical continuation of the Lorentzian metric by t → iτ and a → ia yields the Euclidean section, whose regularity at r = r + requires that we should identify τ ∼ τ + β + and φ ∼ φ + iβ + Ω + where β + and Ω + are the inverse Hawking temperature and the angular velocity of the horizon. We find
The next quantity we are going to calculate is the electric charge of the string. To determine the electric field we should consider the projections of the electromagnetic field tensor on special hypersurface. The normal vectors to such hypersurface are
where N and V i are the lapse function and shift vector. Then the electric field is E µ = g µρ e −2αφ F ρν u ν , and the electric charge per unit length of the string can be found by calculating the flux of the electric field at infinity, yielding
The electric potential U , measured at infinity with respect to the horizon, is defined by [17] 
where χ = ∂ t + Ω∂ φ , is the null generator of the event horizon. One can easily show that the vector potential A µ corresponding to the electromagnetic tensor (7) can be written as
Substituting (30) in (29) we obtain the electric potential as
Having the conserved and thermodynamic quantities of the rotating dilaton black string at hand, we are in a position to check the first law of black hole thermodynamics. Numerical calculations
show that the conserved quantities calculated above satisfy the first law of thermodynamics dM = T dS + ΩdJ + U dQ.
In conclusion, we constructed a new class of charged rotating solutions in four-dimensional Einstein-Maxwell-dilaton gravity with cylindrical or toroidal horizons in the presence of dilaton potentials and investigate their properties. These solutions are asymptotically anti-de Sitter. The cosmological constant couples the dilaton field in a nontrivial way. The dilaton potential with respect to the cosmological constant includes three Liouville-type potentials. This is consistent with the arguments in [3] that no (anti)-de-Sitter version of dilaton black holes exist with only one Liouville-type dilaton potential. We found the suitable counterterm which removes the divergences of the action in the presence of three Liouville-type dilaton potential. We also computed the conserved and thermodynamic quantities of the solutions by using the conterterm method and verified numerically that these quantities satisfy the first law of black hole thermodynamics.
